Abstract. We present explicit descriptions of the decompositions of vertices of a hypercube graph with respect to its distinguished symmetric cycle.
Introduction
Let H(t, 2) be the hypercube graph with its vertex set {1, −1} t composed of row vectors T := (T (1), . . . , T (t)) of the real Euclidean space R t with t ≥ 3. Vertices T ′ and T ′′ are adjacent in H(t, 2) if and only if there is a unique element e ∈ E t := [t] := [1, t] := {1, . . . , t} such that T ′ (e) = −T ′′ (e).
The graph H(t, 2) can be regarded as the tope graph of the oriented matroid H := (E t , {1, −1} t ) on the ground set E t , with the set of topes {1, −1} t ; this oriented matroid is realizable as the arrangement of coordinate hyperplanes in R t , see, e.g., [1, Example 4.1.4] .
We denote by T (+) := (1, . . . , 1) the positive tope of H; the negative tope is the tope T (−) := −T (+) . If T ∈ {1, −1} t and A ⊆ E t , then the tope −A T by definition has the components ( −A T )(e) :=     
,
if e ∈ A and T (e) = −1 , −1 , if e ∈ A and T (e) = 1 , T (e) , otherwise .
If {a} is a one-element subset of E t , then we write −a T instead of −{a} T .
In this note, we describe explicitly the decompositions of topes T ∈ {1, −1} t with respect to one distinguished symmetric 2t-cycle R := (R 0 , R 1 , . . . , R 2t−1 , R 0 ) in H(t, 2), which is defined as follows:
and
Consider the nonsingular matrix
whose rows are the topes given in (1.1). The ith Recall that for any tope T ∈ {1, −1} t there exists a unique inclusionminimal subset Q(T, R) of the vertex set of the cycle R such that
If we define the row vector x := x(T ) := x(T, R) ∈ {−1, 0, 1} t by
where x 2 := x, x , and ·, · is the standard scalar product on R t . We have x(T ) · M 2 = T 2 = t, and e∈Et x e (T ) = x(T ), T (+) = T (t); we will see in Sect. 2 that if x t (T ) = 0, then T (t) = x t (T ). In Proposition 2.4 of this note, we describe explicitly the vectors x(T, R) associated with vertices T of the hypercube graph H(t, 2) and with its distinguished symmetric cycle R defined by (1.1)(1.2).
2. Separation sets, the negative parts, and the decompositions of vertices of the hypercube graph
If T ′ , T ′′ ∈ {1, −1} t are two vertices of the hypercube graph H(t, 2), then
where S(T ′ , T ′′ ) := {e ∈ E t : T ′ (e) = T ′′ (e)} is the separation set of the topes T ′ and T ′′ . For the topes in the ordered collection (1.1), we have x(R s−1 ) = σ(s), s ∈ E t . Relation (2.1) implies that
In particular, for any vertex T ∈ {1, −1} t of H(t, 2), we have
where T − := {e ∈ E t : T (e) = −1} is the negative part of the tope T . Since
we have
for some integer j if and only if
Note also that for any two vertices T ′ and T ′′ of H(t, 2) we have
. Remark 2.1. For the symmetric cycle R in the the hypercube graph H(t, 2), defined by (1.1)(1.2), let x, x ′ , x ′′ ∈ {−1, 0, 1} t be row vectors such that the row vectors
(i) We have
(ii) We have
If s ∈ E t , then we define a row vector y(s) := y(s; t) ∈ {−1, 0, 1} t by
that is,
and, as a consequence, we have
For subsets A ⊆ E t , relations (2.3) imply the following:
We arrive at the following conclusion:
Since the sums appearing in Remark 2.3 depend only on the endpoints of intervals that compose the sets A, we obtain the following explicit descriptions of the decompositions of vertices of the hypercube graph H(t, 2): Proposition 2.4. Let R be the symmetric cycle in the hypercube graph H(t, 2), defined by (1.1)(1.2).
Let A be a nonempty subset of E t , and let
be its partition into intervals such that
In particular, we have
Note that for any vertex T of H(t, 2) and for elements e ∈ E t , we have
Let c(m; n) denote the number of compositions of a positive integer n with m positive parts. subsets A ⊆ E t , with their partitions (2.4)(2.5), such that |{1, t} ∩ A| = 0.
Recall that for an odd integer ℓ ∈ E t , there are 2 topes T whose negative parts T − are disjoint unions
of ℓ+1 2 intervals of E t , and
More precisely, if
2 , then in the set (2.6) there are c(
topes T whose negative parts T − , of cardinality j, are disjoint unions (2.7) of 
2 , then in the set (2.6) there are
topes T whose negative parts T − , of cardinality j, are disjoint unions (2.8) of
We can now give a refined statistic on the decompositions of vertices with respect to the distinguished symmetric cycle.
Theorem 2.7. Let j ∈ E t , and let ℓ ∈ [3, t] be an odd integer. Consider the symmetric cycle R in the hypercube graph H(t, 2), defined by (1.1)(1.2).
(
and for j ∈ [t − 1], we have
The sizes of decompositions
For the symmetric cycle R in the hypercube graph H(t, 2), defined by (1.1)(1.2), the (i, j)th entry of the symmetric Toeplitz matrix M · M ⊤ , where M := M(R) is given in (1.3) , is while the ith
(3.1) Recall that for a tope T ∈ {1, −1} t we have
If T ′ , T ′′ ∈ {1, −1} t , then (2.2) implies that
, and, as a consequence, we have
Equinumerous decompositions
If T ′ , T ′′ ∈ {1, −1} t are two vertices of the hypercube graph H(t, 2) with its distinguished symmetric cycle R, defined by (1.1)(1.2), then it follows from (3.2) that
Let us denote by ω(i, j) the (i, j)th entry of the matrix M −1 ·(M −1 ) ⊤ whose rows are given in (3.1). We see that (4.1) holds if and only if
or, equivalently,
Proposition 4.1. Let R be the symmetric cycle in the hypercube graph H(t, 2), defined by (1.1)(1.2). Let T ∈ {1, −1} t be a vertex of H(t, 2), and let A be a proper subset of the set E t .
Proof. Consider relation (4.2) for the topes T ′ := T and T ′′ := −A T ′ with their separation set S(T ′ , T ′′ ) = A.
(i) Since |{1, t} ∩ S(T ′ , T ′′ )| = 1, we have We conclude this note with simple structural criteria (derived from Proposition 2.4) of the equicardinality of decompositions. Corollary 4.2. Let R be the symmetric cycle in the hypercube graph H(t, 2), defined by (1.1)(1.2).
Let A and B be two nonempty subsets of the set E t , and let 
